We discuss the properties of a class of exact dynamical solutions of the DBI action in various dimensions. They can be interpreted as shock waves of the nonlinear theory. They can also describe two parallel branes connected by a throat within a Minkowski bulk. We analyze issues related to the conservation of energy in these systems. We also discuss possible applications in particle physics and cosmology.
energy source. One very interesting feature of the solution is that the shock wave cannot evolve below a minimal radius not related to the fundamental scale of the theory.
The DBI theory can be viewed as the effective description of a (d + 1)-dimensional brane embedded in a Minkowski bulk space with one additional spatial dimension. In this context, our solution can be used in order to construct a time-dependent generalization of the static catenoidal configuration of Callan, Maldacena [12] and Gibbons [13] . In this work we consider only the case with vanishing gauge fields. The configuration is obtained by joining two solutions with opposite field derivatives at the point where they display square-root singularities. The result is a smooth surface that looks like a throat or wormhole connecting two asymptotically parallel branes. The radius of the throat is time dependent and has a minimal value that is independent of the fundamental length scale. The brane picture provides a link between the energy generated by the singularity and the worldvolume of the branes that is eliminated through the expansion of the throat.
We should note that we do not identify the branes with the D-branes of string theory. We treat them simply as geometrical defects in a higher-dimensional space in the probe approximation. In particular, we neglect any long-range interaction between the branes as well as string processes when they approach each other. We use the brane picture mainly in order to resolve the question of energy conservation in the shock-wave picture.
In the following section we present the solutions and study their energetics. In section 3 we discus their interpretation as shock waves and in section 4 as branes joined by throats. In section 5 we analyze the brane picture through a different choice of worldvolume coordinates that eliminate the singularity from the location of the throat. In section 6 we give our conclusions and discuss possible extensions of the results.
The solutions
We consider a theory in d + 1 dimensions described by a Lagrangian density of the DiracBorn-Infeld (DBI) type:
For most of the paper we shall assume that λ > 0, with the fundamental length scale of the theory being ∼ λ 1/d . However, we shall also allow the possibility λ < 0, to which we refer as the "wrong"-sign DBI theory. We have included a constant term 1/λ in the action so that the energy density vanishes for configurations with φ = 0. As a result, the theory does not contain a cosmological constant. The equation of motion of the field φ is
Its form makes apparent the existence of a Noether current, arising from the invariance of the Lagrangian under the shift φ → φ + c. The energy-momentum tensor is
We consider spherically symmetric field configurations. When expressed in spherical coordinates, eq. (2.2) takes the form
where subscripts denote partial derivatives. We assume 1 − λφ 2 t + λφ 2 r ≥ 0, an obvious constraint imposed by the form of the Lagrangian density (2.1). From the energy-momentum tensor we deduce the energy density ρ, radial energy flux j r , radial pressure p r and angular pressure p θ . They are given by
respectively. We are interested in exact analytical solutions of eq. (2.4). For φ = φ(r), eq. (2.4) gives φ r / 1 + λφ 2 r = ±c/r d−1 , where we have assumed that the constant of integration c is positive. This relation can be written as
For the "wrong"-sign DBI theory with λ < 0, the solutions extend down to r = 0 for both signs. For d = 3, they were interpreted in [14] as field configurations induced by a δ-function source resulting from the large concentration of energy within a small region of space around r = 0. An alternative interpretation was given in [13] in the context of the Born-Infeld theory. In this case the field corresponds to the nonlinear electrostatic potential induced by a point charge. The corresponding configuration was termed BIon. Multi-Bion solutions were also constructed in the form of a periodic lattice. We are interested mainly in the solutions for λ > 0, which display square-root singularities at r th = (λc 2 ) 1/(2d−2) . Folllowing [13] we can join smoothly the two branches of eq. (2.9) with opposite signs, in order to create a continuous double-valued function of r that extends from infinite r to r th and back out to infinity. This catenoidal solution describes a pair of static branes embedded in (d+1)-dimensional Euclidean space, which are connected by a throat.
In the following we study similar configurations that evolve with time. Exact timedependent solutions of the (3+1)-dimensional theory, of the form φ = φ(z), with z = r 2 −t 2 , were presented in [10] . They can be generalized to d+1 dimensions. Substituting the ansatz φ = φ(z) in eq. (2.4) gives 10) where the index denotes differentiation with respect to z. The solutions of this equation are
where we have defined the integration constantc > 0 in a way that the solutions remain real for r → ∞. For both signs of λ the solutions display square-root singularities at the value z th that satisfies z d th = 4λc 2 and at z = 0. The solutions (2.11) can be interpreted as the time-dependent generalization of the static solutions (2.9). The two sets of solutions can also be related through analytic continuation. By continuing t to imaginary values (t = iτ ) and performing the substitutions z = r 2 + τ 2 → r 2 , d → d − 1,c → c/2, the solutions (2.11) reproduce (2.9). However, it must be emphasized that physically the time-dependent solutions are not a mere boosted version of the static ones. For example, it can be seen easily that the integration constants c andc have different dimensions in (2.9) and (2.11).
A second class of solutions can be obtained if the configuration is confined within the region r 2 ≤ t 2 . By defining w = t 2 − r 2 , we obtain solutions of the form
where we assume again thatc > 0. Depending on the value of d, the solutions with one of the two signs under the square root are a rewriting of eq. (2.11). The other sign results in a new set of solutions. The shock-wave configuration discussed in [11] belongs to this class. However, we would like to maintain the connection with the picture of brane dynamics. For this reason we focus on the solutions (2.11), for which the field remains nonzero at large distances and vanishes only asymptotically. The energy density and flux, and the radial and angular pressures are given by eqs. (2.5)-(2.8). For the solution (2.11) they become
The energy density and flux satisfy the continuity equation ∂ρ/∂t + (1/r d−1 )∂(r d−1 j r )/∂r = 0, resulting from the conservation of the energy-momentum tensor (2.3). All the above quantities diverge at the location of the singularity r th (t) = (4λc
At a given time t, the total energy of the configuration contained within the volume outside the singularity is 17) where
) is the area of the (d − 1)-sphere. The energy is finite because the square-root singularity is integrable. On the other hand, E th is time dependent, which seems to violate the notion of conservation of energy. As we have mentioned, the energy density and flux satisfy the continuity equation that results from the conservation of the energy-momentum tensor (2.3). Also, the energy flux vanishes at radial infinity. It is clear then that the time dependence of E th is related to the presence of a singularity in the solution, at a point where the energy density and flux diverge.
In the following sections we shall analyze this issue from two different points of view. Two observations are useful:
1. In principle it could be possible to account for the time dependence of E th by allowing the field to have a nontrivial profile in the region r < r th . For the ansatz φ = φ(w), with w = t 2 − r 2 ≥ 0, the relevant solutions are given by eq. (2.12). However, they have a non-integrable singularity at r = t, while they fail to remain real in the region t < r < r th (t). Another consistent solution has a constant φ(z). If one does not wish to introduce artificial δ-function singularities in the first derivatives of the full solution at r = r th , the constant field value must be taken equal to the value resulting from the solution (2.11) at r = r th . This construction does not introduce any new contributions to the energy.
2. We can recast eq (2.17) in the more intuitive form
The energy outside the singularity can be expressed as the product of the fundamental energy density 1/λ and the volume
Shock waves
In [11] the solution (2.11) with d = 1 was used by Heisenberg for the description of meson production in the collision of two nucleons. Because of the high boost factor the colliding nucleons were approximated as disk-like. For this reason the products of the collision were assumed to have initially a planar geometry. The DBI action was employed as a phenomenological description of the underlying dynamics. The singularity in eq. (2.11) was interpreted as a shock front, where the energy density diverges. It was observed that the solution can be expanded in terms of plane waves with an amplitude that increases ∼ t 1/2 , consistently with the increase of the total energy ∼ t predicted by eq. (2.17) with d = 1 at late times. With increasing time, energy is transferred from a region of infinite density at the shock wave to its wake, where it is associated with the production of mesons. Despite the intuitive interpretation of the solution, certain issues remain ambiguous:
1. The shock wave is not of the standard type, as the energy density and pressure vanish on one of its sides.
2. As already remarked in [11] , it is expected that the energy stored in the shock will be depleted eventually, when it is transferred entirely to the wake. The solution (2.11) does not display this behavior and must be considered only as an approximation.
In order to obtain some better understanding of how the local energy conservation fails to translate into the conservation of a global quantity we look more carefully at the solution for d = 3. If we adopt an intepretation similar to the planar case, the solution describes a spherical shock wave that moves in from infinite to a minimal radius, while time flows from −∞ to 0, and then moves out again for positive t. The shock front is located at z th = (4λc 2 ) 1/3 , or at r th (t) = (4λc 2 ) 1/3 + t 2 . The field can be expressed as φ(z) = φ 0 + (c/λ) 1/3 P −1 (s, 0, 1), where P −1 is the inverse Weierstrass function and
. If the field is assumed to vanish for r → ∞, its value at the shock front is φ(t, r th (t)) = B 3 (2c/λ) 1/3 , with
701. The partial derivatives ∂φ/∂t and ∂φ/∂r diverge at r = r th (t).
The energy density ρ and radial energy flux j r for this solution are given by eqs. (2.13), (2.14) with d = 3. The rescaled coordinates are z = (4λc 2 ) 1/3 u, t 2 = (4λc 2 ) 1/3t2 , r 2 = (4λc 2 ) 1/3r2 , u =r 2 −t 2 . At a given time t, the total energy of the configuration is
The energy is finite, but time dependent. This result seems to contradict energy conservation. However, it is easy to check that the energy density and flux satisfy the continuity equation ∂ρ/∂t + (1/r 2 )∂(r 2 j r )/∂r = 0, resulting from the conservation of the energymomentum tensor (2.3). Also, the energy flux vanishes at infinite radius. This means that the energy increase must be attributed to the presence of the singularity. However, no energy seems to be contained within the volume enclosed by the wave, while there is no obvious indication for the presence of an energy source at the location of the singularity. In order to understand better this issue we consider the total energy between surfaces located at r(t) = r th (t) + ǫ and radial infinity. We have
where we have used the continuity equation. It is clear that the variation of the energy E th (ǫ) depends on the difference between the energy flux of the fluid associated with the energy-momentum tensor (2.3) and an effective flux generated by the motion of the surface at r(t) = r th (t)+ǫ. In the limit ǫ → 0 we expect these two fluxes to cancel each other, as the configuration we are considering is limited within the region r ≥ r th (t). A straightforward evaluation gives
for ǫ = (4λc 2 ) 1/6ǫ → 0. The leading (divergent) contributions are identical in the above expressions. However, the subleading parts are not the same, with their difference remaining nonzero in the limitǫ → 0. It can be verified easily that eq. (3.2) is consistent with eq. (3.1) in this limit. The above result can also be stated as follows: Surfaces enclosing a constant amount of energy between their location and radial infinity coincide with the shock front at finite values of τ . As a result, the shock front encloses different amounts of energy at various times. On the other hand, the velocity of the front dr th /dt and that of the fluid at its location j r /ρ coincide, as ρ(dr th /dt)/j r = 1 + O( √ ǫ) for ǫ → 0. This means that the absorption or emission of energy cannot be traced to the region with r < r th . It is the divergence of the energy density at the shock location that causes this peculiar behavior. We also point out that allowing the surface to have a more general time dependence, of the form r(t) = r th (t) + ǫf (t), does not resolve the problem. The difference j r − ρ (dr/dt) is O(1) and does not involve f (r). It seems that the paradoxical features in the interpretation of the solution (2.11) in the context of the effective theory (2.1) arise from the divergence of the energy density. The singularity must be viewed also as the source or sink of energy. A more satisfactory picture can be obtained if the solution is viewed as a description of a throat connecting two parallel branes, which is the topic of the following section.
A very interesting feature of the solution we discussed is that the shock front cannot evolve below a minimal radius not related to the fundamental scale of the theory. From this point of view, the configuration realizes the concept of classicalization [14, 15] . This term has been attributed to the appearance of a new scale in derivatively coupled theories, which persists in the classical limit → 0 [14, 15] . In theories that display classicalization a highly energetic classical configuration is expected to scatter at distances comparable to the new scale. When this is much larger than the fundamental length scale, short distances cannot be probed even with arbitrarily large center-of-mass energies.
The existence and detailed nature of the phenomenon are still uncertain [10, 16] . It has been suggested that classicalization is connected to the presence of classical configurations in the spectrum (classicalons), which are sourced by the energy. They correspond to the static solutions (2.9) that we discussed earlier, with d = 3 and λ < 1. The physics of classicalization was attributed to the creation of such field configurations during highenergy scattering [14] . On the other hand, spherical collapsing configurations were studied numerically in [10] without observing the creation of classicalons or significant scattering. Despite the use of the term classicalization, it is possible that quantum physics must play a crucial role in the realization of this idea [16] .
The time-dependent solution (2.11), for d = 3 and large values ofc in units of the fundamental length scale λ 1/4 , provides a possible realization of the concept of classicalization. The solution describes a spherical shock front that moves in from infinite to a minimal radius r th (0) = (4λc 2 ) 1/6 , and subsequently re-expands. Forc ≫ λ 1/4 the scattering takes place at a length scale much larger than the fundamental one.
There are two main difficulties in advancing this scenario:
1. The numerical analysis of ref. [10] does not provide concrete support for the creation of a configuration that resembles (2.11) starting from a purely incoming one. Shock fronts tend to appear during the evolution, but are of a different nature than (2.11). However, it must be kept in mind that the numerical approach becomes unreliable when shock waves form, so that it may not be able to capture the physics of the solutions discussed in this work.
2. It is difficult to reconcile the apparent nonconservation of energy and the presence of a singularity with the properties of an initially smooth, energy conserving configuration. A qualitative modification of the solution must occur at some point in the evolution. We lack the analytical understanding of this process, while the numerical approach cannot describe it reliably.
A final possibility is that the configurations (2.11) cannot be approached even approximately by a larger class of dynamical solutions with regular initial conditions. In such a case the process of classicalization would be very sensitive to the initial conditions.
Branes with throats
The DBI theory can be viewed as the effective description of a (d + 1)-dimensional brane within a Minkowski bulk space with an additional spatial dimension. In this work we assume vanishing gauge fields. We denote the coordinates of the bulk space as z M , M = 0, 1, 2, ..., d + 1. We are interested in spherically symmetric configurations. For this reason we shall mostly denote these coordinates as t, r, θ 1 ,..., θ d−1 , y in the following. The action can be identified with the area swept by the brane, which can be expressed in terms of the induced metric as
Here x µ , µ = 0, 1, ..., d are the worldvolume coordinates and z M (x µ ) the embedding functions. The action is invariant under arbitrary changes of the worldvolume coordinates. We can fix this gauge freedom by identifying x µ with the first d + 1 spacetime coordinates. This choice is usually characterized as the static gauge. The coordinate y ≡ φ becomes a field of the worldvolume theory. The action can be written as
This is the action resulting from the Lagrangian density (2.1), if the fundamental scale λ is set equal to 1 and the constant term is omitted. The theory now includes an effective cosmological constant term. The energy density for a brane with φ = 0 is equal to 1. Our solution (2.11) can be used in order to construct a time-dependent generalization of the static catenoidal configuration of [12, 13] . The configuration is obtained by joining the two branches with opposite signs in eq. (2.11) in order to create a smooth surface, which for d > 1 looks like a throat or wormhole connecting two asymptotically parallel branes. The radius of the throat r th (t) = (4c 2 ) 1/d + t 2 is time dependent and has a minimal value that can be different from the fundamental length scale. For d > 1 the maximal distance between the two branes is attained for r → ∞ and is time independent. It is equal to 2D dt , with
where
.
(4.4)
For d = 1 the distance between the branes increases logarithmically with √ r 2 − t 2 . The energy-momentum tensor can be obtained from section 2. It is given by eq. (2.3) by setting λ = 1 and subtracting η µν in order to account for the presence of a cosmological constant in the action (4.2). The energy density and flux, as well as the radial and angular pressures, are given by eqs. (2.13)-(2.16) if we set λ = 1 and omit the terms equal to ±1 in the expressions for ρ, p r and p θ . As a result, the energy of the total configuration is equal to 2Ẽ th , withẼ
and E th given by eq. (2.17). Clearly the energy is infinite. However, it is obvious how to renormalize it. We can subtract the energy of two parallel branes in the absence of a throat. The corresponding energy density of each brane is constant, equal to 1, while the volume results from a radial integration between 0 and ∞. The renormalized energy is 2Ẽ th,r withẼ
where we have used eq. (2.18) with λ = 1. It is remarkable that the configuration of the two branes connected by an evolving throat has exactly the same classical energy as the two disconnected branes. Even though the two configurations are not continuously connected, and probably are separated by an energy barrier, no additional energy is required in order to create the throat. Our result also resolves the issue of the conservation of energy discussed in the previous section. The increase in energy of the two connected branes is a consequence of the reduction of their worldvolume. In other words, the expansion of the throat turns worldvolume into energy that is distributed on the branes.
It is also interesting to compare with the energy of the static throat constructed from the two branches of eq. (2.9) for λ = 1. The most narrow part of the throat has a radius r sth = c 1/(d−1) . For d > 2 the maximal distance between the two branes is attained for r → ∞. This distance is equal to 2D ds , with
(4.8)
After renormalization, the total energy associated with the static throat is 2Ẽ sth,r , wherẽ
For d = 2 the distance between the branes increases logarithmically with r and the configuration has infinite energy. For d = 1 the distance increases linearly with r and the energy again diverges. In all dimensions the static throat configuration requires more energy than the one with an evolving throat or the two disconnected branes. It is possible to interpret the static solution as some type of sphaleron with energy equal to the height of the barrier separating two unperturbed parallel branes and the same branes connected by the time-dependent throat. We could also identify the instanton solution that would mediate the quantum tunneling between the two configurations. As we mentioned in section 2, the analytic continuation to imaginary time turns the time-dependent solution to a static solution with an additional spatial dimension. The action of the instanton in the (d+1)-dimensional theory is equal to the energy of a static throat configuration in a theory of (d+1)+1 dimensions. It can be read from eq. (4.9), through the substitution
We should note that a tunneling process with the spontaneous nucleation of the throat configuration may not be relevant for the annihilation of branes if these are identified with the D-branes of string theory. As pointed out in ref. [12] , the annihilation of two D-branes can take place through string processes at a rate faster than the one associated with the nucleation of a throat and its subsequent growth.
A different gauge
The singularity that appears at the location of the throat is a consequence of the "static gauge" that we employed in the previous section. We would like now to eliminate this singularity by employing a different gauge, in order to study the effect on the energetics of the brane. We discuss this issue in the context of the (2+1)-dimensional theory, for which an exact analytical treatment is straightforward. The picture is very similar in 3+1 dimensions.
For d = 2, λ = 1 and through the definition φ = √ 2cφ we can rewrite eq. (2.11) as
where z = 2c u, t 2 = 2ct 2 , r 2 = 2cr 2 , u =r 2 −t 2 . The solution of this equation can be expressed in terms of the inverse Weierstrass function P −1 (which we take to be positive) asφ
with B 2 = √ π Γ(1/4)/(4 Γ(3/4)) ≃ 1.311, as given by eq. (4.4) . We have adjusted the integration constant so thatφ(1) = 0. If the solution is assumed to describe a shock wave in the context of the theory (2.1), the front is located at z th = r 2 th (t) − t 2 = 2c. The energy density ρ and radial energy flux j r are given by eqs. (2.13), (2.14) with d = 2. They satisfy the continuity equation ∂ρ/∂t + (1/r)∂(rj r )/∂r = 0. At a given time t, the total energy of the configuration is
The energy is finite, but time dependent.
In the context of the brane picture we join the two branches of eq. (5.2) so as to obtain two branes connected by a circular throat of radius r th (t). The maximal distance between the two branes, attained for r → ∞, is 2D 2t with
The energy density of the effective theory (4.2) with d = 2 contains a cosmological constant. As a result, the energy of the total configuration is equal to 2Ẽ th , wherẽ An alternative way to regularize the energy is to subtract the (infinite) energy of our solution at a given time, let's say t = 0. In this way we would find that the renormalized energy is 2Ẽ th,r , withẼ
This result reproduces the time dependence of the energy associated with the shock wave in eq. (5.3). The regularization is very similar to the addition of a constant term, as was done in eq. (2.1) in order to subtract the effective cosmological constant. However, this regularization fails to account for the part of the worldvolume of the unperturbed branes that is bounded by the throat. For this reason it does not remove the time dependence of the renormalized energy. We would like to repeat the above calculation in a different gauge by choosing a different set of worldvolume coordinates. To this effect, we set x 0 = t, x 1 = y, x 2 = θ and interpret r ≡ φ(t, y) as a field of the worldvolume theory. The action can be derived starting from eq. (4.1). It is
As we are interested in describing a brane configuration with cylindrical symmetry around the y-axis, we have integrated over the angular variable.
From the point of view of the embedding, the solution (5.2) describes a moving surface and provides a relation between the coordinates of the embedding space. This relation can be expressed equivalently by solving for r in terms of t and φ (which stands for the coordinate y in the initial gauge). In this way we can produce another solution of the equations of motion of the worldvolume theory. By solving eq. (5.2) for r and making the substitutions φ → y and r → φ, we obtaiñ 9) where P(z, 4, 0) is the Weierstrass elliptic function. We have used the same rescaling as before, as well as y = √ 2cỹ. It is straightforward to check that this expression satisfies the equation of motion of the theory (5.8). It describes a throat connecting two branes located at the pointsỹ = ±B 2 , where the Weierstrass function diverges. The minimal value ofφ is obtained forỹ = 0, where φ = √ 2cφ = √ 2c + t 2 . This is the location of the throat. The energy density and flux for the solution (5.9) are 11) respectively. They satisfy the continuity equation ∂ρ/∂t + ∂j/∂y = 0. They are finite at the location of the throat. Actually, the energy flux vanishes at this point. On the other hand, the energy density diverges at the pointsỹ = ±B 2 , where the branes are located, while the flux takes values ∓2πt there. The fluid velocity j/ρ vanishes atỹ = ±B 2 , but the presence of a finite energy flux implies that the total energy of the configuration cannot be constant. The situation is very similar to the one in the first gauge. However, in the current gauge the singularity has moved from the location of the throat to the location of the branes. The integration of the energy density between the pointsỹ = −B 2 and B 2 returns an infinite result. As before we need to regulate the total energy by subtracting the energy of the configuration without a throat. However, this is not straightforward in this gauge, as the coordinate system (t, y, θ) is singular on the unperturbed branes. A whole brane would correspond to one value of y. This is to be contrasted with the situation in the first gauge, where the coordinates (t, r, θ) naturally span the unperturbed brane. The best we can do is to subtract the (infinite) energy of our solution at a given time, let's say t = 0. The regularized energy would then be given by eq. (5.7) and have a time dependence, exactly as in the static gauge with the same type of regularization.
We can draw two main conclusions from the analysis in this section:
1. The throat is not necessarily associated with a singularity of the solution. An appropriate choice of coordinates (gauge choice) can make the solution regular at the location of the throat, even though it may induce singularities at other points. We also point out that the effective action has a different form in various gauges. For example, eq. (5.8) does not have the standard DBI form obtained in the static gauge.
2. A correct regularization of the energy of the configuration must account for the worldvolume of the branes that is eliminated through the throat expansion and reappers as energy distributed over the remaining part of the branes. This point is not apparent if eq. (2.1) is used for the definition of the theory, without reference to the brane picture.
Conclusions
The aim of this work was to understand the nature of the solution (2.11) in the context of the DBI theory. This theory is taken as the prototype for a class of higher derivative theories (k-essence, DGP model, Galileon, scalar-tensor models with kinetic gravity braiding etc) that have attracted considerable interest recently. In this context the solution describes a shock wave of infinite energy density [11] . A peculiarity of the solution is that integrating the energy density at a given time, starting from the location of the shock front, results in a time-dependent total energy for the configuration. On the other hand, the energymomentum tensor of the theory is conserved. Reconciling these facts means that the singularity associated with the shock wave must be viewed as a source of energy for the region in its wake. It is not obvious how to introduce such a source in the formalism starting from the Lagrangian density. The picture can be clarified by employing the geometrical picture, in which the DBI theory describes a minimal surface in Minkowski space with an additional spatial dimension. The solution (2.11) then corresponds to a pair of branes connected by a time-dependent throat. The energy of the configuration is infinite, but vanishes when renormalized with respect to the energy of two unperturbed branes. What is viewed as the time-dependent energy of the shock-wave configuration corresponds to the worldvolume of the branes that is eliminated through the expansion of the throat. In other words, the expansion of the throat turns worldvolume into energy that is distributed on the branes. Even within the geometrical picture, this connection is not always apparent. Using a different definition of worldvolume coordinates (going to a different gauge) may obscure the connection of the energy with the eliminated brane worldvolume.
The DBI theory can be extended through the inclusion of other classes of higherderivative terms in the action. Similarly, the brane action can be extended through the addition of terms involving the extrinsic or intrinsic curvatures. It is remarkable that a connection can be built between a certain higher-derivative theory, characterized as the Galileon theory, and the motion of a probe brane with an extended action [8] . A variation of the solution we studied exists within these extended theories as well [17] . It has interesting applications, such as scattering in the context of classicalization and dynamically evolving branes in higher-dimensional cosmology. Another possibility is to extend the solution to the multi-throat case along the lines of [13, 18] .
The most interesting generalization of this picture would be through the inclusion of gravity. If the solution is interpreted as a shock wave, the divergence of the energy density clearly demonstrates that gravity must become important and possibly act as a regulator. Within the brane picture, the backreaction of the brane on the bulk geometry is neglected in the probe approximation that we considered. Taking it into account could result in configurations similar to the "bubbles of nothing" that can trigger the instability of the Kaluza-Klein vacuum [19] . Another possible interpretation of the brane construction is as a bouncing brane-Universe that contracts down to a minimal size and subsequently expands. The effect on the expansion rate of the energy arising from the eliminated worldvolume is a very interesting problem.
